The Tautochrone

The problem of finding the curve down which a bead placed anywhere will fall to the bottom in the same
amount of time. The solution is a cycloid, a fact first discovered and published by Huygens in Horologium
oscillatorium (1673). This property was also alluded to in the following passage from Moby Dick: "[The try-
pot] is also a place for profound mathematical meditation. It was in the left-hand try-pot of the Pequod, with the
soapstone diligently circling round me, that I was first indirectly struck by the remarkable fact, that in geometry
all bodies gliding along a cycloid, my soapstone, for example, will descend from any point in precisely the same
time" (Melville 1851).

Huygens also constructed the first pendulum clock with a device to ensure that the pendulum was isochronous
by forcing the pendulum to swing in an arc of a cycloid. This is accomplished by placing two evolutes of
inverted cycloid arcs on each side of the pendulum's point of suspension against which the pendulum is
constrained to move (Wells 1991, p. 47; Gray 1997, p. 123). Unfortunately, friction along the arcs causes a
greater error than that corrected by the cycloidal path (Gardner 1984).

The parametric equations of the cycloid are:
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To see that the cycloid satisfies the tautochrone property, consider the derivatives:

x'=a(l—cosf) =dx/dé
y' = asinf =dy/db
and
x"% +y'? = a?[(1 — 2cos6 + cos?0) + sin26]
= 2a%(1 — cosH)

Now the gravitational potential energy of a ball on the ‘curve’ is U = mgh or mgy
This will be completely converted to kinetic energy at the bottom: K = %‘mv2
U (at height y) = K (at the bottom where y = 0)
mgy = %mv2 - vor % = /2gy *where s = distance traveled (arc length)
then

dt = ds _ Jdx*+dy? _ a\2(1-cos6) .
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so the total time (T) required to travel from the top of the cycloid to the bottom is:
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However...



S

from an intermediate point 8, we still have v = &= V29 —yo)
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To integrate, rearrange this equation using the half-angle formulas
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with the latter rewritten in the form

c059=2cosz(%9)—l

*You may recall the half-angle formulas were obtained from the cosine double-angle formulas:
c0s2A = cos?A — sin?A = 2cos?’A—1 =1 - 2sin?A

Above we’re letting 2A= x and hence, A =2 x

to obtain
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Now transform variables to
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and the amount of time is the same from any point.
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